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I. DERIVATION OF BACK-PROPAGATION IN THE OPTICAL
LAYER

During the training process, the height map of the phase
mask and the parameters in the U-Net are updated by the
back-propagation algorithm. Given the forward model and the
loss function, the gradient can be calculated by the chain
rule. Although the back-propagation is done by the automatic
differentiation implemented in TensorFlow [1] in our system,
we would like to show the analytic form for the optical layer.
This is not trivial since the derivation involves complex-valued
variables and element-wise operations.

Without loss of generality, we focus on the 1D height
map with a single scene depth and a single wavelength. All
the coordinates and subscripts are removed. The following
equations describe how the height map affects the PSF.

φM = k∆nh (1)

φ = φM + φDF (2)

P = A� exp(iφ) (3)

PSF = |FP |2

= (FP )∗ � (FP )
(4)

In the back-propagation step, we define the error from
the digital network as δ, which describes how the final loss
function L (defined in Eq. 8 in the main text) changes when
PSF changes.

δ :=
∂L

∂PSF
(5)

Based on the chain rule, the derivative of L with respect
to each variable is shown below. Following are notations we
will use. For a matrix or an operator O, O∗ is the complex
conjugate of O, and OT is the transpose of O. Particularly for
the Fourier operator, (F∗)T = F−1. � means element-wise
multiplication. diag(v) returns a square diagonal matrix with
the elements of vector v on the main diagonal. Im(v) returns
the imaginary part of v.

∂L

∂φ
=

∂L

∂PSF

∂PSF

∂φ
(6)

∂PSF

∂φ
=
∂PSF

∂(FP )

∂(FP )

∂φ
+

∂PSF

∂(FP )∗
∂(FP )∗

∂φ

= diag((FP )∗)Fdiag(iP )− diag(FP )F∗diag(iP ∗)

(7)
Plugging Eq. 7 into Eq. 6, we get:

∂L

∂φ
= [diag((FP )∗)Fdiag(iP )− diag(FP )F∗diag(iP ∗)]T δ

= diag(iP )FT diag((FP )∗)δ − diag(iP ∗)F−1diag(FP )δ

= 2 Im[diag(P ∗)F−1diag(FP )δ]

= 2 Im[P ∗ �F−1((FP )� δ)]
(8)

∂L

∂h
=
∂L

∂φ

∂φ

∂h

= 2k∆n Im[P ∗ �F−1((FP )� δ)]
(9)

This form is also correct for a 2D height map.
In our case, the 2D height map is a combination of Zernike

polynomials. If we define the vectorization operator as V , then
we can represent the height map as

V{h} = Za (10)

where Z is written in a matrix form.
Then the derivative can be written as
∂L

∂a
=
∂L

∂h

∂h

∂a

= ZTV{∂L
∂h
}

= ZTV{2k∆n Im[P ∗ �F−1((FP )� δ)]}

(11)

This gradient can be used to update the learning variable a by
gradient descent or Adam [2] optimizer.

II. EXPERIMENTAL COMPARISON WITH THE FISHER MASK

The Fisher mask is optimized by minimizing LCRLB in
our given depth range (Wm = [−10, 10]), which is shown in
the main text Fig. 4(b). To make an experimental comparison
between the proposed PhaseCam3D mask and the Fisher mask,
we fabricated the Fisher mask, as well, with the same size as
the proposed mask (Fig. 1a). Fig. 1(b) shows the experimental
PSFs at different depths, which is used for fine-tuning the
digital network.



To make a fair comparison, we captured the same scene with
both masks and estimate the depth respectively. As shown in
Fig. 2(a), the depth estimation with the PhaseCam3D mask is
better. Besides, we quantified the estimation error by capturing
planar targets at known depths. The root-mean-square (RMS)
error is 0.0125 m for the PhaseCam3D mask, and 0.0308 m
for the Fisher mask (Fig. 2b).

This section shows that our learning-based PhaseCam3D
mask outperforms the model-based Fisher mask experimen-
tally.
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Fig. 1. The fabricated Fisher mask and its PSFs. (a) A close-up image of the fabricated Fisher mask taken using a 2.5× microscope objective. (b)
Calibrated PSFs of the Fisher mask. The depth range is 0.4 m to 1 m, which corresponds to the normalized Wm range for an aperture size of 2.835 mm.
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Fig. 2. Depth estimation performance comparison between the proposed PhaseCam3D mask and the Fisher mask. (a) A same scene is captured for
depth estimation using two masks. Based on the estimated depth, the PhaseCam3D provides a better result. (b) A quantitative comparison is done by capturing
targets at known depths. The RMS for the PhaseCam3D mask is 0.0125 m, while the RMS for the Fisher mask is 0.0308 m.
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